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Abstract

In this paper, we propose a new full vectorial generalized discontinuous Galerkin beam propagation method (GDG—
BPM) to accurately handle the discontinuities in electromagnetic fields associated with wave propagations in inhomoge-
neous optical waveguides. The numerical method is a combination of the traditional beam propagation method (BPM)
with a newly developed generalized discontinuous Galerkin (GDG) method [K. Fan, W. Cai, X. Ji, A generalized discon-
tinuous Galerkin method (GDG) for Schrodinger equations with nonsmooth solutions, J. Comput. Phys. 227 (2008) 2387—
2410]. The GDG method is based on a reformulation, using distributional variables to account for solution jumps across
material interfaces, of Schrodinger equations resulting from paraxial approximations of vector Helmholtz equations. Four
versions of the GDG-BPM are obtained for either the electric or magnetic field components. Modeling of wave propaga-
tions in various optical fibers using the full vectorial GDG-BPM is included. Numerical results validate the high order
accuracy and the flexibility of the method for various types of interface jump conditions.
© 2008 Elsevier Inc. All rights reserved.

MSC: 65N38; 78M25

Keywords: Discontinuous Galerkin method; Beam propagation method; Inhomogeneous optical waveguide, Dirac J source; Schrodinger
equation

1. Introduction

In beam propagation methods (BPM) [1,2] using paraxial approximations for wave propagations in optical
waveguides, time harmonic Maxwell’s equations are approximated by Schrédinger equations where the
propagation direction is treated as the time axis. Due to the mismatch of refractive indices in the cross section
of the waveguides, the electromagnetic fields are discontinuous solutions to the Schrédinger equations, a
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property not shared by the probability wave functions of quantum mechanics. Since its introduction by Feit
and Fleck in 1978 [1,2], the BPM has become a very popular method in the engineering communities for mod-
eling optical waveguides. Different variants of the method, using various types of spatial discretization in the
cross section of waveguides, have been proposed, such as the finite element (FE)-BPM [4], the fast Fourier
transform (FFT)-BPM [5] and the finite difference (FD)-BPM [6]. However, discontinuities in fields across
material interfaces have not been addressed so far, and as a result, large errors in numerical solutions may
occur near the material interfaces due to large difference of dielectric constants.

As existing BPMs do not have the capability to treat discontinuities in the electromagnetic fields asso-
ciated with wave propagations in inhomogeneous waveguides, it is our goal in this paper to develop a new
BPM which will allow us to accurately handle those field discontinuities. To achieve this objective, we will
apply a recently developed discontinuous Galerkin method — generalized discontinuous Galerkin (GDG)
method [3] — designed specifically to compute discontinuous solutions of Schrodinger equations. The
GDG method reformulates the Schrodinger equations by incorporating the jump conditions in the solu-
tions and derivatives as Dirac J-source terms on the material interface and treating the solutions to the
Schrédinger equations as generalized functions (distributions). Discontinuous Galerkin projections are then
applied to the reformulated partial differential equations for the generalized functions. In this paper, we will
combine the GDG method and the traditional BPM for computing electromagnetic wave propagations in
inhomogeneous optical waveguides. First, we derive the envelope function formulation as in the traditional
BPM and recast the interface conditions of electromagnetic field components as jump conditions for the
envelope functions for the field components. Those jump conditions are then incorporated into the Schro-
dinger equations for either the electric or magnetic components, for which the GDG-BPM will be con-
structed. Moreover, by using the Gauss laws for electric and magnetic fields, the equations for E, or H,
components can be replaced by simple ordinary differential equations in time, thus reducing the computa-
tional costs by one third. In the end, four versions of the vectorial GDG-BPM are obtained where large
jumps in the optical fields and/or their derivatives can be approximated accurately as demonstrated by
various numerical tests.

The paper is organized as follows. In Section 2, we give the envelope formulation for the electromagnetic
fields and derive the corresponding interface jump conditions. In Section 3, we present the GDG—BPM for the
electric field, which employs the paraxial approximations and incorporates the jump conditions for the enve-
lope functions. Section 4 follows similar procedure as in Section 3 for the magnetic field components. Section 5
describes the Galerkin discretization for the PDE systems obtained in Sections 3 and 4. Section 6 contains
numerical studies of the convergence and comparison of the proposed four versions of the GDG-BPM and
provides simulation results of various optical waveguides. Finally, Section 7 gives the conclusion of the

paper.
2. Envelope functions for electromagnetic fields and interface jump conditions

In this section, we present the envelope function formulation used in BPMs for the electromagnetic fields.
We also recast the interface conditions for the electromagnetic fields as jump conditions for the envelope func-
tions. The explicit forms for the jump conditions will then be incorporated into the GDG method in next two
sections.

Fig. 1 shows the cross section Q of an optical waveguide with a core 2, a cladding ©, and an interface at
I' = Q, N Q, with an exterior normal direction n = (n,,n,). As in a traditional BPM for optical waveguides, we
assume that the electric or magnetic field takes the following envelope form, for instance:

E - (Ex(xﬂyaz)aEy(xayvz)aEZ(xvyaZ)) - ((Pl(xd/az)»(Pz(x7y,z)7@3(%)’»2))@4&; .B = ﬁl in Qh l= 172
(1)
for the electric field. The envelope functions ¢, are assumed to vary slowly along the propagation direction z,

which will be denoted as the time variable 7 in the BPM [1,2].
Let us denote the jump of a function ¢ at the position t along n = (n,,n,) on I as

[@(Tvt)] = QD(T+3 t) - q)(‘cia t)' (2)
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Cladding

Fig. 1. Cross section of a cylindrical-core optical fiber.

Then, for any point (x*,y*) on the interface, for /= 1,2,3, the jump data

fI(X*ay*at) = [(Pl(x*ay*vt)] = (/)I(x*+ay*+at) - @1(X*77y*77t)7

- 0o, (x*,y", t O, (x* ',y 1) Do, (x*~,y" "t
g,(x,y,t)z{ 1(611 )]: ( - ) 99( . )7

can be shown to satisfy identities based on the interface conditions for the electromagnetic fields and the Max-
well’s equations as follows.
To derive the jump data f; of the electric field, we start from the interface conditions of the electric field

akE; =eEl, E =E;5, E =E, (3)
where &,n are the local normal and tangential coordinates on the interface I' and E: = E.n. + E,n,,
E, = —E,n, + E,n, are the normal and the tangential electric field components, respectively. Using the enve-
lope assumption of (1) and denoting
Qe = Qhx + Qrhy, @y = —Q Ny + Pohy, AB =B, — By, (4)
€1 .

Vr=—¢ Aﬂ[a (5)
€

we can get
v0: = of, e Mo =gr, Mo =] (6)
From (6), f; can be written in terms of (¢, ¢,, ¢3) and (¢}, ¢;, ¢;) in a symmetric form
(ﬁ) . {n —ny} Oy = Doz + (1= )e!

L) 2 n J\ (@ = Doy + (1 —e*)g) ) (7)

f3 =1 = 1)o3 + (1 —4)p]],

which expresses the interface conditions (3) of the electric field in terms of the envelope functions.
To derive the jump data g, for the normal derivative of the electric field, we consider the interface condi-
tions of the magnetic field

wH: =mwH:, H =H  H =H (8)

With the envelope assumption (1) and the Ampere’s law
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V x E = —iouH, 9)
defining
Ko _inpe
p, =—e 10)
o (
we get

B O ¢ i
(- (B-ite)) = (- (B-ikn)) .

A3 _ 03 " 1
(- iioe) ~2) = (% -imo) -%2) "
. (%_%)7_(%_%)+
Ve\we “) T \@ ")

From the second equation, g; can be expressed in terms of % and *in a symmetric form as

1 Rl dp o 03
8 =5 {(l-l-’/gl)( g;; _lﬁzﬁl’g) + 0~ 1) =5 af —(I+7 )( ot lﬁl(p;) (1 _yil) (;Pf} (12)

The right-hand side of (12) actually involves time derivatives of ¢, ¢, on both sides of the interface, which
can be replaced with spatial derivatives by using the time dependent Schrodinger equations for ¢, ¢, in Sec-
tion 3 (electric field) and Section 4 (magnetic field), respectively.

Next, using the identity

Qo _%0; (13)
o o
and the third equation in (11), after some manipulations, we find g, and g, in terms of (al,aéij) and

n.g + nng =

9. o
(— Lﬁ’) in a symmetric form

& l(ne —n, 2% 2%
) 2ln, n 00y 1) 2oy 1) %2 o | (14)
2 v I G- (1m0 (1) - 4

Yg) On an

Similarly, the jump data f; for the magnetic field components and g, for their normal derivatives can be
shown to satisfy (7), (12) and (14) with

ﬂefm/;z7 Ve = €2 o-inpr (15)

’y =
! Hy €

3. GDG-BPM formulation for the electric field

In this section, we combine the GDG [3] with the BPM to obtain a full vectorial GDG-BPM for optical
waveguides where the electromagnetic fields and/or their derivatives can be discontinuous across material
interfaces. To illustrate the GDG-BPM, we consider the paraxial approximation of a standard cylindrical
optical fiber (Fig. 1).

Assuming that the field is time harmonic with a frequency w and there is no charge nor current sources, we
can derive the vector wave equation for E (x,y,z = t) components as

V x V x E = oeuk, (16)

which will leads to
V?E + w’euk = V(V - E). (17)

Since V - (E) = 0, we have

. 1 - 1 -
v.E=V.<eE>:—(vef’):—ve.E, (18)
€
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where ¢ = Ine. Assuming that ¢ = €(x, y) is uniform along the propagation direction, the vector Helmholtz
equation (17) becomes

S - O¢ 0¢
’E+ ofepf = -V | —E.+—E, ). 19
VE + oen v@x’+6yy (19)
Based on the slow envelope assumption in (1) (paraxial approximation [7]), i.e.
62@1 09,
7 < Zﬂ‘ , 1=1,2,3, (20)
we ignore the second order derivative in 7 and obtain the following coupled equations at (x,y) & I':
aqol 62(/)1 o, s 5 o%e o%e 0¢ 0,  0& dop,
2 T T T Bt gt e ety e Ty (21a)
6(p2 62(/)2 %o, 0% 0% 0¢ dp, 0e d¢p,
25 =T T TPt g et aa ety g e g (21b)
a% az% 0%, Oe (3, . de (dpy .
i2 — 21
1 ﬁ axz + ay + (CO eu — ﬁ )q)_’) a at lﬁ(pl +6 at lﬁ(p2 ) ( C)

where f=f, in Q,/=1,2.
For convenience, we define the jump data for the dielectric constant € as
Filx ) = [y )] = 60y ) — e ),
. 0e(x*, v*, ¢ Oe(x*T,y* ", 1) Oe(x*,y* .t
)= ] B B )

n On

Following the procedure proposed in [3], we can rewrite the system (21a)—(21c) using Dirac 6 functions as
Formulation A: For I =1,2,3

Op, Op;  0Oq;

2p = oy 8(E—&)|VEflg + Sy, (22a)
0

PR T (22b)
0

g, = a—‘i — o — é*)ﬁ@, (22¢)

where f = f, in Q;,/ = 1,2 and the jump data f;, g, are given by (7), (12), (14) with (5), (10) to enforce the
physical jump conditions for the electromagnetic field components. And, the lower order terms above are

S1(@1, 02, P1,02) = (et — By + Loy + 420, + popy + s,
S2(@1, 92,41, 45) = (e — B2)py + Loy + G0y + Deqy + G:45,

0 0,
S3(@1; @2, 03) = (U) €n — /3 )3 "‘Pe( ot 154’1) +qe< ot 15@2)»
where a“’l and a“” in S; can be replaced by (22a) with 7 = 1,2 and

pg=a—€—5(éi é)ﬁ o qg=a—5(é—é*)fe—, pf—p‘— oc— “(f ‘6x>afc

op- of: 08\ 0 0 of: 08\ 0
p=Pe - «:)(f g é) e «:)(f g é) o

6y ‘ox /) oy ‘0y/) ox

= e

Here, p.,q..p!, P!, 4, q. will be zero if € is a piecewise constant.
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Remark 1. In the above derivations, partial derivatives of f(x,y) on I" are used while the data f'(x,y) is only
given on the interface I'. Therefore, some types of smooth extension away from the interface will be needed to
yield those partial derivatives. The simplest one, which we use, is to use a constant extension locally along the
normal direction of the interface I', i.e., assuming 2—’; = 0. Then, we have

Of _0roc ofon_0ofon 09f 0O 0C of on_0f Oy
ox 0fox oyox Oopox’ Ody 0OFdy Oy dy oy oy

The extension is by no means unique. However, the accuracy of the resulting numerical methods will not be
affected by a specific choice of the extension as long as the extension produces a locally smooth function.

(23)

Remark 2. As ¢, p, g are considered piecewise continuous functions over Q, 2—;” , g—’; will be treated as distribu-
tions or generalized functions [8]. The key idea here is the usage of the § source terms to compensate the sin-
gularity introduced by the (time dependent) jump conditions at the interface. Those J-functions act as penalty
terms in the “collocation” sense to enforce the solution jump conditions. In contrast, the traditional interior

penalty method [9-14] uses Lagrange multipliers to enforce the “continuity” of the solutions.

Alternatively, we can use the Gauss law V - (eE£) = 0 to solve for the E, component, which results in the
following equation for ¢;(x,y,z :=¢):
[0 1) 0¢p .
ea—;: —ea—x'—ea—yz—ex(pl — 60, — (6 — ife) ;. (24)
If the evolution Eq. (24) is used for ¢, instead of (22a)—(22c), we will have the following alternative version
of the GDG-BPM for the electric field.
Formulation B: For I = 1,2,

0P _ 0P 0 o oo
0 .
6% = —€p; — €4y — &) — €,0, — (€ — 1fe) @3, (25b)
Op oy 08
P1:a_x1—5(§—5)f1§a (25¢)
a@] N * aé
=S - Vi 25d

where f=f,in Q;,1=1,2.
The time evolution equation for ¢, in Formulation B is a simple ODE, thus requiring less computational
cost compared to the corresponding equation for ¢, in Formulation A.

4. GDG-BPM formulation for the magnetic field

Similarly, we can get a vector wave equation for H# components as

V X (%Vxﬁ) = w’uH. (26)
Assuming that y is a constant (implying V - H = 0), we get

V x GVXFI) %V2ﬁ+<Vé) x (V x H). (27)
Therefore, we have

%vzﬁ:véx (V x H) — o*uH. (28)

Again, we assume H has an envelope formulation as
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H= (Hx(x7y72)7Hy(x7yaz)aHz(xvyaz)) = ((pl(x7yvz)7(p2(x7yvz)7(p3(x7y7z))eiiﬁz7 B=pBnQ, =12
(29)

Then, by dropping the term a =2 based on the paraxial approximation, replacing z by ¢ and assuming that
¢ = Ine is independent of z, we get the following coupled equations at (x,y) & I':

afPl azq)l azq)l 0¢ (0¢p, Og,
i2 — (=== 30
a% azq)z %, s 5 0¢ (dp, o,
i2 - - —(==-= 30b
., 003 az% 62% 2 2 O¢ (0, . (GloB 0¢ (0p, . 003
23 = - iy (s -2 —2_ -2 30
b5 =32 T Tl Fles (% o) o la ! o ) (30c)

where f=f,in Q,,/ =1,2.

For the interface conditions, similar to the previous section, we use f; and g; to denote the jumps of ¢, and
aa% on the interface, respectively.

Now, we use the d-function and auxiliary variables p and ¢ to rewrite (30a)—(30c) as

Formulation C: For I =1,2,3,

0 ) 0

2pt =2 +aiy’—5<é— ENVELer +Si, (31a)
0

pi= a(”’ e (310)
0 0

e f*)ﬁa—j 610

where f = f, in Q,,/ = 1,2, and the jump data f;, g, again are given by (7), (12), (14) with (15) to enforce the
physical interface conditions for the electromagnetic field components. The lower order source terms are given
as

S1(@1, @2, 00:01) = (e — By + q.(py — q1),

S2(@1, 02,02:q1) = (a)zey - ﬁz)q’z — (P2 — q1)s

O0p 0p, .
S3(@1, @3, 03,05, 43) = (i — B) s +pe( o —iBo, — ) "‘Qg(—z_lﬂ(ﬂz —613),

where aﬂ and a& in S; can be replaced by (31a) and

Oe¢ o¢ 66 o¢
pe=5 0 =8)fig s =75 — 0~ éf)f*
Ox
-, q. will be zero if € is a piecewise constant.
Similarly, we can solve the 4. component in terms of H, and H, using V - H = 0 and obtain
03 O0p;  0¢,
o ax oy | bes (32)
As a result, we have the following alternative formulation for the magnetic field.
Formulation D: For I = 1,2,

. % o 9q

¢ .
§ =—p — 9, +ifos, (33b)
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Pr=." o(¢—¢ )ﬁaa (33¢)
94 =73, o(¢—¢ )f/@, (33d)

where f=f,in Q;,1=1,2.
Again, the time evolution equation for ¢ in Formulation D is a simple ODE, thus requiring less computa-
tional cost compared with the corresponding equation for ¢, in Formulation C.

5. Discontinuous Galerkin discretization

In this section, we present the procedure of discontinuous Galerkin projection [15] based on Formulation A
(22a)—(22¢) while the same procedure can be applied to Formulations B-D.

For each element K in the discretization of ©, let P/ (K) denote the space of polynomials in K of degree at
most J and v € L' (Q) be a test function, where v|, € P/(K). Multiplying the Egs. (22a)-(22c) by the test func-
tion v(x,y) and integrating by parts in K, we get

Zﬂ/ awlvdxdy / h, vnxds—/p,@dxdy—i-/ h, vnyds—/q,%dxdy—i-/&vdxdy, (34a)
ok Ox ok k Oy K

0
/p,udxdy - / h,, vn, ds — / 0, =2 dxdy, (34b)

K oK Ox

ov
q,vdxdy = [ hgvnds — qo, 3 dxdy, (34c¢)

oK
where ( o2 1y, hp, = hy,) are numerical fluxes, which approximate (p;,q;, ¢;) at 0K. For ¥ = (x,y) € 0K

(p,( )= &),}:I:a[, (/)[( ) = {4} £ @, by, () = {o,} £ by, (35)

where a}, a}, b; are defined as
(ax ay b ) _ { (%g1|vé|nx7%g1|vé‘nyv%fl)7 lf FﬁK 7’é (Z)
pA (0,0,0), ifrnK=0

In the definition of the numerical fluxes (35), simple averages are used for all element edges of K except the
edge coinciding with the material interface I' where average plus/minus half of the jumps will be used. The
definition and derivation of the fluxes in (34a)—(34c) can be found in [3].

Let ¢;(x,y), j =0,1,...,n, be the basis functions, where n; + 1 is the number of basis functions required
for a Jth order approximation. By expanding ¢,, p;,q, as

Zq)], (%), Zq;, (), Zp“ (37)

and choosmg the test function v(x,y) = ¢,(x,y) for I =0,1,...,n,;, we get

: do . . ,
12ﬁzm,j dtlﬂj /(h nx+hq,lny)¢,ds Z(m‘ljpl,j+my,jq”+s,‘,,), (38a)

J J

Z mypr; = / hy, e ds — Z myQp s (38b)
Z miiq;; = /aK hg,nyyds — Z "y, (38¢)
j

where s;; = [, S;¢,dxdy and

(36)

0 , 0
my= [ o ey, miy = [ g axar my = [
K K

P dxdy. 39
K@yd)/ y (39)
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We define a mass matrix M and two stiff matrices M, M”" as
M = (mi1 ), M= (m}'v+11/+1)a M = (’";)HJH) (40)
and vectors, for I = 1,2, 3,
1= [(171,07 ) (P1,n,,]T7 ‘5 = [¢gs- -5 ¢n,,]Ta pr= @1,07 s 7P1,nJ}Ta
Gr = [‘11,07 cee 7QI,n‘/]T
The following system of ODEs is obtained in each K for / = 1,2, 3:

= T
) S = [SI,O;"'aSI,nJ} .

iZB% — M (/ (K n + 1, m,)ds — MYB; — MG, — s7’> (41)
oK
ﬁ[ = M71 (/ hplnx$ds - Mx(ﬁl)v (42>
oK
qi =M1< hy,nyhds —My@)- (43)
oK

Remark 3. Formulations A-D can all be written for the primary variable @, after eliminating the auxiliary
variables p and ¢, in the form of
do
— =Ly 44
ar (44)

where L is the discretization matrix for the variable .

6. Numerical results

In the following numerical tests, the time derivatives are discretized with a fourth order Runge-Kutta
method and the time step At is estimated based on an empirical formula Ar < (Ax)*(2J + 1)*//max Where
Ax is the element size and A,y is the largest magnitude of the eigenvalues of the matrix L in (44). All the results
are reported after propagation for a 1 cm distance unless specified otherwise. In all the numerical simulations,
we choose f§; = ff, = f°, where " is the propagation constant. In Sections 6.1 and 6.2, exact boundary con-
dition is used. Meanwhile, in Sections 6.3 and 6.4, as there is no exact solutions, standard transparent bound-
ary condition (TBC) [16] is applied.

6.1. Propagation of LPO1 modes using the electric field

In this section, we test the GDG-BPM on the LPOl mode in a cylindrical fiber (Fig. 1) with
Q= {(x )P+ <rdy Q= {(x )l <x*+y° <R} (45)

Denoting J,(r) — the nth order Bessel function of the first kind and K,(r) — the nth order modified Bessel
function of the second kind, then, the LPOl mode for the electric components is given by

_ [?JO (%r) cos(@) — 132/ (%O cos(20 + @)]Fl @, i,
@1(x,p,1) = _{%Ko(i—sr)cos(@)+%K2(%V)COS(20+@)}F2(I)7 in Q)
70 (ir) sin(@) + 132 (1r) sin(20 + @) (o), in @,
P2(x,p,1) = {%Ko %r) sin(@)—%Kz(f—iV) sin(20+@)}F2(t)v in &,
!
@3(x,p,1) =

(iﬁ*;—f; 2 (—;r> cos(0+ @)F,(1), in Q)
(

)
ig ;_2)711(] (—;r) cos(0 + O)F,(t), in Qi
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where the time dependent factors F(¢) and F,(¢) and three parameters s, o, o, are given as
ro Ji(on)

. ro :p _p* . sip g

F — i 2B R — ipr 20 ZI LB —=p) 4
1(1) = ip o © . P =ip o Ka(a)© ; (46)

0620(2 J()(O(]) €2

s= 1412 7*<1——>, 47

(Z%+O€§ oy (o) €1 ( )
1 . 1

o) = 7’0(60261#1 - ﬁ*z)za o = ro(p 2 w2€2#2)2~ (43)

The parameter 8 is the propagation constant in the z direction and is solved from the continuity of the
tangential component of field at the interface ry, i.e. f* is the root of
Jo(al) _ 2 Ko(OCz)
wJi(u) e 0K (x)

Remark 4. Here ® = 0 and @ = n/2 correspond to the x-polarized (HEY,) mode and the y-polarized (HEY,)
mode.

In the numerical test, ¢(z = ¢ = 0) is used as the initial condition and the exact boundary condition at » = R
is used. For both Formulations A and B, the parameters are chosen as ® = 0; the radius of core: rp = 10 um;
the radius of cladding: R = 20 pm; the wave length: 2 = 1 pm; the wave number ko = 2 the dielectric constant
in the core: €, = 1.55%; the dielectric constant in the cladding: ¢, = 1.545%.

V4

0.00105
0.001
0.00085
0.0009
0.00085
0.0008
0.00075
- | 0.0007

0.00065
| 0.0006
I 0.00055
| 0.0005
0.00045
0.0004
0.00035
|| 0.0003
= 0.00025
0.0002
0.0001%
0.0001
SE-05

2

[Eyl

vio
0.000105

0.0001

8.5E-05

9E-05

8.5E-05

BE-05

7.56-05

| 7E05

| 6.56-05

| 6E-05

™ | 55E05

> | 5E-05
| 45605

| 4E05

3.5E-05

| 3E05

25E.05

-1 2E-05
1.5E-05

1E-05

5E-06

0
V1
IE |2 Total relative error
z

Fig. 2. Cylindrical-core case: Results by Formulation A.
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Using Formulation A with a third order spatial approximation, Fig. 2 shows the intensity contours for each
component and the overall relative error. Formulation B gives similar results. Fig. 4(a) shows the exponential
convergence of the L? error for both Formulations A and B. However, compared with Formulation A, Formu-
lation B has a larger error. That is due to the fact that divergence-free condition is used to obtain for the E,
component and the divergence condition is no longer exact after the paraxial approximation.

6.2. Propagation of LP0OI modes using the magnetic field

Similarly, with the same definition for s, o; and «, as above, the LPO1 mode for the magnetic component is
given as

) 5 e o,
B O O O U
_1’2"‘J0<f—0r)cos(@ '*‘IJ( ) 29+@}G()7 in Q,
Py(x,p,1) = 2 ko (21) cos(O) + 42K, (21) cos(20 + ©)| Gy(r), in @
st ) o]0, 0
) (i) v (2r) 0+ @G0, in
P3\ X, 1,1) =

(lﬁng—) sK1<j—gr> sin(0 + ©)Gs(r), in @,

where the time dependent factors G,(¢), G,(¢) and two parameters s;,s, are given as

2

_ 2 0 1(/f ﬁ*) _ ﬁ*
G (t) = —lwen; I - S| = wTelS’ (49)
2
270 Ji(ou) ei(B=F B
Gz(t) —iwe €n 2 w K ( ) 2 )l, Sy = w262 S. (50)

With the same set of parameters as used for the electric field, we test Formulations C and D. Fig. 3 shows the
componentwise intensity contours and the overall relative error with a third order spatial approximation.
Again, we omit the similar plots by Formulation D. Fig. 4(b) shows the exponential convergence of L* error
for both Formulations C and D. Same as for the electric field, Formulation D produces a larger error.

Remark 5. Due to the error introduced by the paraxial approximation in the divergence condition,
Formulation B (or D) will be less accurate than Formulation A (or C). However, if the extra error is within a
given error tolerance, one should use Formulation B (or D) for its simplicity and saving in the computational
time.

6.3. Propagation of LPOI modes in rectangular core waveguide

To show GDG-BPM’s ability of handling other shapes of interfaces, we replace the cylindrical core by a
square core with the same core area and still propagate the LPO1 mode given in Section 6.1 for the cylindrical-
core fiber. Since there is no exact solution, the numerical solutions from a coarse mesh and a fine mesh
(Fig. 5(a)) are compared. The relative error plot by Formulation A with third order spatial approximation
is given in Fig. 5(b). And the exponential decay of the L* error is also observed.

6.4. Propagation of LP0I1 modes in media with large index jump

To demonstrate the GDG-BPM’s ability in dealing with large index jump, we extend our computational
domain to include a layer of air next to the cladding of the cylindrical core fiber considered in Sections 6.1
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Fig. 3. Cylindrical-core case: Results by Formulation C.
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Fig. 4. Cylindrical-core case: Exponential decay of the L* error with increasing order of basis.

and 6.2. As shown in Fig 6(a), the central circle (» < 10 um) is the core with dielectric constant e = 1.55%; the
next ring (10 pm < » < 20 um) is the cladding with e = 1.545” and the outer ring (20 um < r < 25 pm) is the
air with € = 1.0. A large index jump is present at the air-cladding interface. With the transparent boundary
condition used at » = 25 pm, the LPO1 mode given in Section 6.1 is launched as the initial condition.
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Fig. 5. Square-core case: Results by Formulation A.
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Fig. 6. Cylindrical-core with air case: Results by Formulation A.

Numerical convergence study by Formulation A with a third order spatial approximation is done on two
meshes. Fig. 6(b) is the 1-D intensity plot for the E, component, with a clear view of the discontinuity captured
at the air-cladding interface. Fig 6(c) is the relative error of the intensity of the E, component from coarse and
fine meshes, which shows the high accuracy especially at the interface » = 2 pm of large index difference. The
bigger error near the outer boundary is introduced by the transparent boundary condition.

7. Conclusion

In this paper, we proposed a new kind of beam propagation method combined with a generalized discon-
tinuous Galerkin discretization for full vectorial simulations of electromagnetic wave propagations in inhomo-
geneous optical waveguides. The resulting GDG-BPM takes on four formulations for either electric or
magnetic fields. Numerical results, with different shapes of interface and magnitude of jumps, demonstrate
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the GDG-BPM’s unique feature of handling interface jump conditions and its flexibility and high order
accuracy.
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